In this paper we present the CG1-DG2 method for convection-diffusion equations. The space of continuous piecewise-linear functions is enriched with discontinuous quadratics so that the resultant finite element approximation is continuous at the vertices of the mesh but may have jumps across the edges. Three different approaches to the discretization of the diffusive part are considered: the symmetric interior penalty Galerkin method, the non-symmetric interior penalty Galerkin method and the Baumann-Oden method. In the context of elliptic problems a priori error estimates are presented which show the same convergence rate for the CG1-DG2 solution as for the discontinuous piecewise-quadratic approximation. Numerical studies for diffusion and convection-diffusion problems confirm this result.
Introduction
When it comes to solving convection-diffusion equations by the finite element method, two main approaches are usually considered. The first one is the standard continuous Galerkin (CG) method. It has low computational costs but needs to be stabilized in the limit of small or vanishing diffusion, e.g. by streamline-upwind Petrov-Galerkin (SUPG) or local projection stabilization (LPS) [11, 6] . Without stabilization nonphysical oscillations can occur in the neighborhood of unresolvable small-scale features. The discontinuous Galerkin (DG) method on the other hand has higher computational costs but with a suitable choice of convective and diffusive fluxes [7, 3] it is stable.
To reduce the costs of the DG method different approaches can be pursued. Hughes et al. [9] decomposed the finite element space into continuous coarse scales and discontinuous fine scales. The resultant coarse-scale problem has the same computational costs as the CG method. The use of an interscale transfer operator takes the influence of the fine scale component into account. Another way was proposed by Becker et al. [5] where the continuous piecewiselinear (CG1) approximation was stabilized by adding a discontinuous piecewiseconstant (DG0) component. The resultant scheme has the same convergence rate as the piecewise-linear DG method but lower computational costs.
In this paper we enrich the continuous piecewise-linear space (CG1) with piecewise-quadratic functions which vanish at the vertices of the mesh but may be discontinuous across the edges. The so derived space (CG1-DG2) is a subspace of the discontinuous piecewise-quadratic space (DG2). It was first considered in [4] for pure convection equations. In this context it was shown that the CG1-DG2 method with upwind-biased convective fluxes is stable and converges at the same rate as the fully discontinuous approach. Due to fewer degrees of freedom than in DG2 the computational costs are significantly lower.
In this paper we extend the above CG1-DG2 method to convection-diffusion equations. For the discretization of the diffusive part we compare three different DG approaches (symmetric interior penalty Galerkin method (SIPG), non-symmetric interior penalty Galerkin method (NIPG) and Baumann-Oden method (BO) [2, 1, 3, 16] ) and analyse their properties in the CG1-DG2 space. In the context of elliptic equations we show that a priori error estimates for the discontinuous Galerkin method can be easily transfered to the CG1-DG2 approach. In our numerical studies we compare results obtained with the DG2 and CG1-DG2 method for diffusion and convection-diffusion problems. This comparison confirms that both methods converge at the same rate.
Discretization

Continuous problem
We consider the following model problem
The velocity field b statisfies the incompressibility condition ∇·b = 0. We define the inflow boundary as
where n Ω denotes the outward pointing unit normal vector to the boundary Γ = ∂Ω. We require that Γ D ⊆ Γ − .
Notation
Let T h be a conforming triangulation of Ω. The set of interior sides is denoted by S h , the union of boundary sides which cover the domain boundary ∂Ω (Γ D ,
). The subscript h refers to the maximum element size h = max
Let u be a piecewise continuous and bounded function on Ω. For a side S ∈ S h ∪ S ∂ h and x ∈ S, we define
where n S is a fixed unit vector normal to S. Next we define the jump and weighted mean for x ∈ S, S ∈ S h , by
For a boundary side, we set [u] = u − and {u} = u − . The jump of the product of two functions is given by
Selecting the upwind value, we define the convective fluxes bŷ
For simplicity we will use the following notation:
Bilinear form
We define the following forms
where s = {−1, +1} depends on the method. The choice s = +1 leads to SIPG, s = −1 to NIPG or Baumann-Oden. The penalty weighting function σ :
For the Baumann-Oden method σ is set to zero.
The discrete problem is given by: Find u h such that
where V is a space of admissible test functions.
In the case of the discontinuous Galerkin method we choose
where P p (K) is the space of polynomials of degree ≤ p on K.
CG1-DG2 method
Let us consider a cell K ∈ T h with n K nodes. Each linear basis function φ i K , i = 1, .., n K is associated with a node
The quadratic basis functions are denoted by Ψ l K , l = 1, ..., m K with m K the number of quadratic functions on K and the property that they vanish at each node x i (i. e., Ψ l K (x i ) = 0 ∀i, l). Let us define D K = span{Ψ l K : 1 ≤ l ≤ m K }. We enrich now the space of linear continuous finite elements
with discontinuous quadratic functions.This leads to the space
which contains the space of continuous piecewise-quadratics (V 2 h ) and is contained in the space of discontinuous piecewise-quadratics (V 2 DG ). Remark 1. Since D 2 h shape functions vanish at the vertices of mesh elements, a globally defined function u h ∈ V h is continuous at the vertices but may have jumps across edges.
Consistency
Let u solve the boundary value problem (1) . Integrating by parts we get for
Using {u} = u, [u] = 0, {∇u} = ∇u, [∇u] · n S = 0,û = u and (1), we get
for all s = {−1, +1} and σ ≥ 0. It follows that the method is consistent. Note that this holds also for v h ∈ V p DG , p ≥ 1.
Some error analysis
In the following we will restrict ourselves to the Poisson equation
For a detailed analysis of the convection part we would like to refer to [4] . The discrete problem reads
Due to consistency Galerkin orthogonality holds:
Let us define the so-called "broken space" [1, 16] 
with the corresponding semi-norm
Boundedness
We will show now that the bilinear form
Proof. Following [16] we get for u, v ∈ H 2 (T h )
The first part can be bounded as follows:
Let us now bound the different terms:
The last term of (29) can be bounded in a similar way to (31). This leads to
For the second bilinear form we get
Overall, we have
which completes the proof.
Coercivity
First, we show the coercivity of A h (., .) for the NIPG method in the norm . V h .
Theorem 2 (NIPG). Let A h (u, v) be the bilinear form defined in (22) and C ≤ 1 be a positive constant. Then
Proof. Let v ∈ H 2 (T h ). It can be seen very easily:
If σ is large enough and v ∈ V 2 DG , (32) holds also for the SIPG method [16] . Furthermore, it can be shown for the SIPG and NIPG method that for σ large enough [16] A
Both results are also valid for v ∈ V h , since V h ⊂ V 2 DG . For the Baumann-Oden method (σ = 0) we have only weak stability [1] :
Error estimates
Depending on the discretization of the diffusive flux the following estimates hold for u h ∈ V p DG . In the case of the SIPG method we get optimal L 2 -error estimates [1] u
whereas the NIPG and Baumann-Oden (p ≥ 2) method provide only suboptimal estimates [1] u
For all three methods we get optimal H 1 -error estimates [1] u
We will show now similarly to [1] that the L 2 -error estimate for the SIPG method holds for u h ∈ V h . At first we need to introduce an interpolant I h u ∈ V h of the exact solution u, which has the following property [1] 
Furthermore the trace inequalties [2] for each element K ∈ T h and corre-
For the interpolation error in the norm |.| V h we derive with σ = σ S h S :
Invoking (39) we get
With the triangle inequality we get for the error
The first term can be bounded by (44). For the second we get with (34) and σ S large enough
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This leads to
This result is valid for the SIPG and NIPG method.
For the SIPG method we can improve that result due to adjoint consistency. Adjoint consistency means that for the solution Ψ ∈ H 2 (Ω) of the adjoint problem −∆Ψ = g in Ω, Ψ = 0 on ∂Ω (47) the following equality hold ∀v h ∈ H 2 (T h )
Note that this is not valid for the NIPG method since
Choosing v h = (u − u h ) and using the interpolant
For Ω convex, we have |Ψ|
. This leads to the optimal estimate
Numerical results
In this section, we perform grid convergence studies for the proposed CG1-DG2 method and the standard discontinuous Galerkin method with quadratic elements (DG2). The new method was implemented in the open-source library Hermes [8] which provides hp-FEM and hp-DG solvers. We estimate the experimental order of convergence by the formula [15] 
where E(h) = u − u h is the error in the specified norm. In the following numerical examples we compare the Baumann-Oden, SIPG and NIPG method for the diffusive part. The results indicate the same convergence behaviour for DG2 and the new CG1-DG2 method on triangular meshes.
Stationary diffusion problem
At first, we consider the Poisson equation (21) on Ω = (−1, 1) 2 with homogeneous boundary conditions and the right hand side f = 2(2 − x 2 − y 2 ). The exact solution is given by u(x, y) = (x 2 − 1)(y 2 − 1). In Table 1 convergence results for different DG methods (SIPG, NIPG, BO) using the DG2 and CG1-DG2 space on triangular meshes are presented. Both spaces lead to similar convergence rates. The solution obtained with the Baumann-Oden and the NIPG method converges at a rate of 2.0 in the L 2 -and the H 1 -norm. For the SIPG method we get an EOC of 3.0 in the L 2 -norm and 2.0 in the H 1 -norm. These results confirm the error estimates (36) -(38) also for the CG1-DG2 space.
Baumann-Oden
Time-dependent convection-diffusion problem
Next, we consider the time-dependent transport equation
with the velocity field b = (−y, x) and diffusion coefficient ε = 10 −3 . The initial and boundary conditions are given by
wherex andŷ are the time-dependent coordinates of the moving peak
Since u(x, t) = δ(x 0 , y 0 ), where δ is the Dirac delta function, we start the numerical experiments at t 0 = π 2 with the peak located at the point (x 0 , y 0 ). As time goes on, the sharp peak is smeared due to diffusion. In Fig. 1 shape of the hill and the solution computed by the Baumann-Oden method for the CG1-DG2 space at the final time t = 5π 2 are displayed. To measure the error we define the following norms [4] Table 2 shows again similar convergence rates for DG2 and CG1-DG2. For the Baumann-Oden method we get L 2 -convergence rates of approximately 2.0. as in the previous example . For SIPG and NIPG we have similar convergence rates of order greater than 3.0. The error in the norm |.| exhibits the convergence rates of 2.3-2.9 for all methods which is consistent with the analytical rate of 2.5 for pure convection problems [4, 12] . Table 2 : Errors for the time-dependent convection-diffusion problem
Stationary convection-diffusion problem
At last we consider a test problem from [10] , where interior and exponential boundary layers are present. It is given by the convection-diffusion equation (1) on Ω = (0, 1) 2 with b = (cos(− π 3 ), sin(− π 3 )) T and Dirichlet boundary conditions u D = 0 for x = 1 or y ≤ 0.7 1 otherwise.
The solution exhibits an interior layer which goes along the direction of the convection starting at (0, 0.7). At the boundary x = 1 and on the right part of the boundary y = 0 the solution posseses an exponential layer. The diffusive part is discretized by the Baumann-Oden method. In Fig. 2 and 3 the solutions for CG2, CG1-DG2 and DG2 with ε = 10 −3 and 10 −8 are displayed. The pure continuous solutions are in both cases dominated by oscillations which grow as ε becomes smaller. The other approaches lead to solutions which exhibit only over-and undershoots near the layers. In the pure discontinuous case these oscillations could be removed, e.g. by slope limiting [13, 14] .
Conclusions and outlook
We presented an extension of the CG1-DG2 method [4] to convection-diffusion equations. The commonly used DG-approaches for elliptic problems SIPG, NIPG and Baumann-Oden are applicable to the new space and deliver the same optimal convergence rates. Combined with the results in [4] we get a stable method with optimal convergence rates but with lower cost than the pure discontinuous approach. In future work we will investigate the possiblity of using limiting techniques in order to to control oscillations in the neighborhood of steep fronts.
